The quantum Casimir condensate of a conformal massive scalar field in a compact Friedmann universe is considered. The Abel-Plana formula is used for renormalization of divergent series in the condensate calculation. A differential relation between the Casimir energy density and the condensate is derived.
Introduction
Quantum field condensates are known to appear in systems with spontaneous symmetry breaking such as the Standard Model and QCD. In particular, the ColemanWeinberg mechanism 1 allows emergence of a finite field condensate starting from a conformal-invariant semi-classical Lagrangian. The quantum condensate mechanism of the origin of Higgs boson mass without explicit conformal symmetry breaking was proposed in Ref.
2 But to define of the conformal field condensate value, an additional physical condition is required. One of the possibilities is to relate the emergent finite value of the condensate to certain boundary conditions of the system like in the Casimir effect. In the present paper we will consider the case of a scalar field in a closed manifold. The topological Casimir effect will be treated. A non-trivial topology of the space provides the rule how to fix the renormalization condition in the calculations. Contrary to the case of the standard Casimir effect, no border or boundary condition is imposed.
The Casimir effect plays an essential role in cosmological models and in particle physics.
3 Besides of the Casimir energy, the Casimir condensates of quantum fields deserve a study, especially in the early stage of the Universe. The Casimir condensate can be defined as vacuum mean value of two field operators in one point of the manifold. It corresponds to a tadpole (vacuum bubble) Feynman diagram without external legs. This object contributes to the universe vacuum energy and its treatment is crucial for cosmological applications.
4
In the conformal static universe the calculation of the energy density, pressure, and the number density of the boson pairs created during the evolution of the universe from the singular initial state was performed in Ref. 5 However, the Casimir energy-momentum tensor of a boson field has singularity at the zero scale factor value, a = 0, which correspond to the initial moment of the universe evolution. To solve this problem, avoiding the initial cosmological singularity, one can exploit conformal transformations to the static universe that is a sphere of the present day radius a 0 . The conformal transformation should be applied also to quantum fields simultaneously. The calculation of the Casimir condensate should be considered in conformal variables also.
From the conformal cosmological conception, the universe is not expanded but the elementary particles masses turn out to be depend on time, see e.g. Ref. 6 The redshift of galactic spectrum and the modern Hubble diagram can be interpreted [7] [8] [9] within the GR in conformal variables without introducing Dark Energy. The transition to the conformal variables has a considerable advantage since the initial cosmological singularity doesn't appear there. The procedures of Hamiltonian reduction and deparametrization in Geometrodynamics by passing to the conformal spatial metric, were recently analyzed in Ref.
10
There are various effective methods of regularization and renormalization of ultraviolet divergences. In particular, several such methods were developed to treat the Casimir effect in different cases, see e.g. book.
3 In particular for the case of the topological Casimir effect, extraction of the finite value of a boson condensate can be achieved by subtraction from a divergent sum defined in the Friedmann space the corresponding divergent integral defined in the Minkowskian tangent space. The Abel-Plana formula from the theory of analytical functions can be applied for this purpose, see Ref. 
Conformal massive scalar field
The conformal spacetime metric of a Friedmann universe
where η is the conformal time; a(η) is the conformal scale factor having the sense of the S 3 -sphere radius; χ, θ, and φ are dimensionless angular coordinates on the sphere. The Lagrangian density of a massive scalar field ϕ(x) with a conformal coupling has the form 11, 12
Here, g is the determinant of the spacetime metric; g µν are components of the inverse metric tensor; ∇ µ is the covariant derivative; m is the bare mass of the field.
The scalar curvature of the spacetime (1) is
where the prime denotes differentiation with respect to η. The Klein-Fock-Gordon equation
takes the form
where △ is the angular part of the Laplace operator on a 3-sphere with the unit radius.
Let us perform the transformation to the conformal metricg µν (x) and the conformal fieldφ(x) according to their conformal weights:
The static spacetime interval corresponds to the present day radius a 0 of the universe
with the curvatureR = 6/a 
The transition to the conformal variables leads to observable quantities with regular behavior at a = 0. In the corresponding quantum theory it yields finite physical results. 5 The eigenfunctions of (8) can be presented in the factorized form
Here, the eigenfunctions Y J (χ, θ, φ) of the Laplace-Beltrami operator 3 are spherical functions
forming the orthonormal basis of unitary representations of the isometry group of the S 3 -sphere
the combined index J ≡ {λ, l, M } runs over values
The eigenvalues of Eq. (10) are k 2 J = λ 2 − 1. The equation of the oscillator type for g λ (η) is obtained after substitution of (9) into the Klein-Fock-Gordon equation (8)
To find solutions of the above equation, it is necessary to choose a definite evolution law for the scale factor a(η).
5
The functions
compose the complete set of classical solutions of the Klein-Fock-Gordon equation (8) if the Wronskian is equal to
Casimir condensate of a massive scalar field
The vacuum state is defined by the condition a 
The quantum field operator is then combined as the sum
The conditions of orthonormality for the functions read
where the scalar product of functions is defined over a finite volume V as
We define the quantum Casimir condensate as the vacuum mean value of two operators in one point:
(20) By applying the formula for summation over quantum numbers (l, M )
we get
In this paper the effects of vacuum polarization and particle creation are not considered. Restricting our attention to the pure Casimir contribution into the quantum condensate in the case of the quasi-static condition (a ′ = 0), 3 the solution to the oscillator equation (13) can be given as
Thus one gets the divergent series
Now the problem is formulated for a scalar field with mass (ma) in a static Einstein universe R 1 × S 3 , where S 3 is a sphere of radius a 0 . For renormalization of the series the Abel-Plana formula can be applied
where F (λ) is an analytic function. From the physical point of view, we have a finite difference between the divergent sum of F (λ) defined in the Friedmann spacetime and the corresponding divergent integral of this function F (t) defined in the tangent Minkowskian one. Subtraction of the contribution of the quantum condensate in the 3-dimensional Minkowskian space tangent to the S 3 , leads to the renormalized result in the form of the following convergent integral:
In derivation of this formula, we kept in mind that the integrand function F (λ) = λ 2 / √ λ 2 + m 2 a 2 has branch points for λ = ±ıma, so
Integral (25) is limited from the bottom by the variable bare mass of the elementary particle. For the case of massless virtual particles, the regularized function in (25) coincides with distribution function for bosons with the effective temperature T eff = c/(2πk B ), where k B is the Boltzmann constant. For the massless case (m = 0), integration of (25) gives For elementary particles with ma 0.5, the dominant energy condition ǫ ≥ |p| is violated as discussed in Ref. 13 This can lead to particle creation by gravitation field. The dependence of the dimensionless ratio of the conformal condensates (25) and (26) on the dimensionless variable massc/c 0 =c/c 0 (ma) is regular, it is shown in Fig. 1 .
The renormalized value of the energy density of the conformal scalar field 3 as the renormalized mean value of the corresponding component of the conformal energymomentum tensor reads
The condensatec (25) and the corresponding energy densityǫ (27) of the massive conformal scalar field are related to each other. If one differentiates (27) with respect to the variable mass as a parameter, the relation is revealed 
Conclusions
In this way, we calculated the Casimir condensate of a conformal massive scalar in a compact Friedmann universe. The differential relation between the energy density and the condensate is obtained. The Abel-Plana formula, used to renormalize the results, has a clear physical meaning. It is much more simple than the regularization procedure with a wavelength cutoff applied in Ref. 13 The applied procedure can be extended for the case of spinor and vector fields. It would be also interesting to go beyond the quasi-stationary approximation which is certainly not valid at the early epoch of the universe evolution.
